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On wavelike perturbations in a free jet travelling 
faster than the mean flow in the jet 
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The phase velocities of axial disturbances to a free jet have been investigated 
experimentally. For a certain range of low Strouhal numbers previous theories 
predicted the existence of phase velocities exceeding the mean velocity of the 
jet. These ‘ultra-fast ’ phase velocities were found in the present experiments too. 

1. Introduction 
If one considers the fluctuations in a free jet, one does not expect the phase 

velocity of any perturbation to exceed the highest mean velocity in the flow 
field. It is difficult to understand why such an ‘ultra-fast ’ perturbation phase 
velocity should occur, because the mean flow vorticity is convected at velocities 
certainly not exceeding the highest mean flow velocity. However, the differential 
equation for the stability of parallel inviscid flows can be derived from the 
vorticity transport equation; and the solution of this stability differential equa- 
tion yields wave motions in a free jet with phase velocities exceeding the highest 
mean flow velocity occurring in the jet. The existence of these ultra-fast phase 
velocities will be demonstrated by the present experimental investigation. 

Using a stability-theory approach, Michalke (1970) and Crow & Champagne 
(1971) predicted ultra-fast perturbation phase velocities exceeding the mean 
flow velocity by about 30% for a circular jet. The same type of ultra-fast wave 
motion occurs in plane jets for the case of symmetrical deformations of both jet 
boundaries. This can be concluded from the wavenumber behaviour calculated 
by Bechert (1972). The above-mentioned theoretical investigations assumed 
spatial amplification of the instability waves. It can be accepted as fact that it  is 
correct to compare only spatial stability theory with experimental data obtained 
in a flow excited by sound of constant magnitude (as is the case in our experiments) 
because in both theory and experiment the frequency is real. The first calcula- 
tions of spatially amplified waves in cylindrical jets (see Michalke 1970; Crow 
& Champagne 1971) were carried out under the assumption of an infinitesimally 
thin boundary layer around the circular jet. Consequently these theoretical 
results could hardly be compared with experimental data. Later on, in a more 
elaborate paper, Michalke (1971) took account of the finite thickness of the 
boundary layer. Thus the divergence of theoretical and experimental results in 
Crow & Champagne’s paper turned out to be caused by the assumption of an 
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FIGURE 1. Amplification factor - a,O and phase velocity cph/go as functions of the Strouhal 
number So = ff3/uo. Michalke’s (1971) theoretical curves. 

infinitesimally thin boundary layer in their theoretical model. Indeed, the 
experimental data obtained by Crow & Champagne fit the theoretical results of 
Michalke (1971). However, the region where ultra-fast phase velocities of the 
jet perturbations should occur has not been investigated experimentally until 
now. Crow & Champagne could not find this region because they carried out their 
experiments with relatively thick jet boundary layers for which Michalke’s 
computations did not predict any ultra-fast waves. 

Figure 1 shows some theoretical results obtained by Michalke (1971). In this 
calculation the following simplifying assumptions were made. The cylindrical 
jet flow is parallel and inviscid. The mean velocity profile in the boundary layer 
of the jet has the shape of a hyperbolic tangent function. The Mach number is 
zero. Both the jet and the surrounding fluid at rest have the same temperature. 
In  the curves plotted in figure 1 only perturbations with axial symmetry are 
considered. 

The momentum thickness 19 is used as a measure of the boundary-layer thick- 
ness. The ratio RIB then indicates the relation between the radius R of the jet 
and the boundary-layer thickness. The jet radius R is defined in RIichalke’s 
(1971) paper as the distance from the axis to the point in the mean velocity 
profile where a velocity half the maximum occurs. 
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In  the upper part of figure 1 the non-dimensional phase velocity cDh/go is 
plotted vs. the Strouhal number S, = f 8/g0, where f is the frequency and uo is 
the maximum velocity of the mean jet flow on the axis. It can be seen that 
ultra-fast phase velocities occur at  low Strouhal numbers and for small boundary- 
layer thicknesses only. At sufficiently large boundary-layer thicknesses no 
more phase velocities exceeding the mean flow velocity can be found. The case 
of an isolated free shear layer is labelled R/O = co. Here no region of ultra-fast 
phase velocities can be seen. If we proceed continuously to the limit R/O-+oo, 
however, we find the region of ultra-fast phase velocities at Strouhal numbers 
8, + 0. For infinitesimal boundary-layer thicknesses in a cylindrical jet, there- 
fore, ultra-fast phase velocities still occur, at  the singular point So = 0. It 
appears to follow that this phenomenon is a function of some other typical 
length of the problem, i.e. the jet radius. The nozzle diameter D is very close 
to twice the jet radius R as defined by Michalke (1971). Indeed, if one plots 
Michalke’s results as a function of the Strouhal number S, = fD/go ,  it  can be 
seen that the region of ultra-fast waves occurs at  a Strouhal number S, z 0-45 
(see also figure 6). 

In  the lower part of figure 1 the dimensionless amplification coefficient 
-ai8 is plotted against the Strouhal number 8,. The r.m.s. amplitude of the 
velocity fluctuations is proportional to exp ( - ai x), which corresponds to an 
exponential growth in the downstream direction x because ai is negative. With 
increasing boundary-layer thickness relative to the jet radius, a decaying 
amplification rate at  low Strouhal numbers S, can be seen. Again, for small 
Strouhal numbers the parameter S, seems to be the more appropriate variable 
(see also figure 5 ) .  

In  the ca.lculations whose results are shown in figure 1 the influence of the 
rigid nozzle edge and of the spreading of the boundary layer were not taken into 
account. Therefore one should expect deviations from the theory, especially in 
the vicinity of the discharge edge of the nozzle and, on the other hand, down- 
stream in the turbulent region, where the thickness of the boundary layer 
grows rapidly. Consequently, the present measurements were carried out at a 
relatively low Reynolds number Re, (based on the nozzle diameter D and the 
mean nozzle exit velocity go) at which one can expect a relatively large region of 
laminar flow downstream of the nozzle edge. The measurements were performed 
at low Strouhal numbers where one would expect ultra-fast waves according to 
the previous theories. This restriction to low Strouhal numbers has another 
advantage: that the local shape of the mean velocity profile (which changes 
downstream of the nozzle edge) has no significant influence on the stability 
behaviour, according to Michalke (1969). Since no other experimental data 
were available to confirm the theoretical results of Michalke and Crow & 
Champagne, we tried to get experimental information on what the phase velocity 
in this low Strouhal number region really is. 
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2. Experimental apparatus 
The experimental set-up was identical to that used by the authors in a previous 

investigation (1975). The free jet was produced by means of a motor-driven 
radial blower with adjustable speed. The suppression of low frequency flow 
perturbations in the jet was given careful attention by the use of infra-sound 
insulation in the duct from the radial blower to the test section. The infra-sound 
insulation consisted of a porous plastic-foam tube. In addition, flow-induced 
low frequency perturbations in the free shear layer were suppressed by means 
of a plastic-foam rectifier in the settling chamber. The air, after passing the 
rectifier, was continuously accelerated, avoiding local deceleration regions at  
the nozzle wall. Local deceleration would possibly have produced flow separation 
and, as a consequence, severe and slowly varying perturbations of the free shear 
layer. A vortex filament nozzle, described by Michalke (1961), whose wall shape 
is that of the streamlines of a potential ring vortex, was used. On the axis of a 
vortex filament nozzle a simple expression for the relation between pressure 
and velocity fluctuations exists according to Bechert & Pfizenmaier (1973). 

The measurements were carried out with a nozzle of diameter 30 mni in the 
exit plane. The mouth of the nozzle was surrounded by an annular disk having 
an exterior diameter three times the nozzle diameter and producing a rectangular 
trailing edge. Jet  flow disturbances leaving the nozzle were controlled and 
synchronized by a loudspeaker in the settling chamber. Two interchangeable 
loudspeaker systems of 20 and 38 W power were used. Both systems were in- 
stalled at the front end of a cylindrical cavity. The frequency responses of the 
systems overlapped in such a way that maximum sound pressure levels of 
110-130 dB could be produced in the nozzle within a frequency range of 
27 Hz-1 kHz. A reference sound pressure level was measured at  an axial position 
1-5 diameters upstream of the nozzle exit plane by means of a 1 in. condenser 
microphone with a nose cone. 

Velocity measurements were carried out with a linearized constant- 
temperature hot-wire anemometer which was developed by Froebel (1972) at 
the DFVLR-Institut fur Turbulenzforschung in Berlin. Hot wires of length 
2 mm adjusted perpendicular to the mean flow and tangential to the surface of 
the jet were used for measurements of the axial velocity fluctuations 3. The 
probe could be moved in the radial direction either by a support driven by a 
synchronous electromotor or by a micrometer screw adjusted manually. By 
moving the hot-wire probe in the radial direction across the free shear layer, a 
maximum in the fluctuating axial velocity can be seen nearly in the middle of 
the shear layer for the low Strouhal numbers for which these measurements 
were made. In  order to reduce the amount of data to be taken, only the maximum 
amplitude of the fluctuating velocity, its phase and its radial position were 
registered. The reader who is interested in details of the velocity fluctuation 
profiles is referred to the investigations by Pfizenmaier (1973) and Freymuth 
(1966). The hot-wire signal was filtered by a narrow-band filter, whose frequency 
response was calibrated individually at  each frequency. The centre-frequency 
of the filter coincided with the frequency of the loudspeaker. The reference phase 
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for the phase measurements was obtained from the pressure at the microphone’s 
reference position. Phase errors due to the electronic equipment and due to the 
condenser microphone at low frequencies were corrected for. The reader who is 
interested in details of the measuring equipment is referred to a report by 
Bechert & Pfizenmaier (1974). 

3. Choice of significant ranges of flow parameters 
The general problem of an unsteady jet flow depends on the Mach number, 

the Strouhal number and the Reynolds number. If the Mach number is small 
and the characteristic length of the problem (in our case the diameter of the 
nozzle) is small compared with the acoustic wavelength, compressibility effects 
can be neglected (see, for example, Bechert 1971a). Owing to these restrictions 
the problem depends on the Strouhal number and the Reynolds number only. 

We use two different Strouhal numbers: 8, = Df/Uo and So = Of/go, where 
D is the nozzle diameter, f the frequency of the acoustic forcing field and V0 the 
mean exit velocity at the nozzle. In  our case, where the boundary layers are 
thin compared with the nozzle diameter, the velocity go is nearly that of the 
inviscid flow. 6 is the momentum thickness of the free shear layer, defined as 

We use here the definition of the momentum thickness of a plane flow in spite 
of the axial symmetry of the problem because the boundary-layer thickness is 
small compared with the jet diameter. The momentum thickness a t  the nozzle 
edge is inversely proportional to the square root of the Reynolds number Re, 
(based on the nozzle diameter) according to Michalke (1961). 

Because of the coupling of 8 and D via the Reynolds number, one of the two 
Strouhal numbers is, strictly speaking, superfluous. Nevertheless, a quantity 
like the position of the transition region downstream, which depends on the 
maximum amplification rate (see figure l), can be described better in terms of 
the Strouhal number 8,. On the other hand the phenomenon of ultra-fast jet 
waves, which depends mainly on the overall jet configuration, can be described 
better in terms of the Strouhal number 8, (see figure 6). 

For physical reasons and also because of the measuring technique, the 
Reynolds and Strouhal numbers cannot be varied arbitrarily. I n  particular, the 
practicable Reynolds number range turns out to be very restricted. An upper 
boundary for our measurements with a sound-influenced free jet is Re x 3 x lo5. 
For Reynolds numbers exceeding this value the transition to turbulence occurs 
at the nozzle edge or within the boundary layer on the nozzle wall. Then phase 
measurements become much more complicated. However the actual Reynolds 
number limit is even lower and is a result of requirements of the measuring 
technique. The reason is that the measurements should cover a sufficient part 
of a hydrodynamic wavelength for the determination of the phase gradient. 
Experience shows that for the smallest Strouhal number of the experimental 
series (S, = 0-275) a length of the laminar shear layer of at least x/D M 1 should 
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be available. This restriction can be met at  a Reynolds number Re, lo4 but 
not at higher Reynolds numbers. A measurement in the turbulent shear layer 
does not seem to make sense because the turbulent shear layer spreads so rapidly 
that no ultra-fast jet waves are to be expected. 

A lower limit on the jet exit velocity go is given by the hot-wire anemometry. 
The sensitivity and dynamic frequency response of standard hot-wire anemo- 
meters in air become poor at  mean velocities lower than 1 mls (see, for example, 
Bechert 1971 b ) .  Since the peak of the alternating 6 velocity component occurs 
near the middle of the free shear layer with a value of about +go, a minimum 
mean velocity ~ o O m i n  = 5 m/s seems to be suitable. 

At  a Reynolds number of Re, = lo4 and at a mean exit velocity of 5 m/s 
one obtains a nozzle diameter of about 30mm. Therefore Re, = lo4 and 
D = 30 mm were chosen for all measurements. This choice of these parameters 
allows a comparison with previous measurements by Pfizenmaier (l973),  
which were carried out for the same parameter values. The Mach number 
was small ( M  = 0.015) and the acoustic wavelength was large compared with 
the nozzle diameter at all measured Strouhal numbers. Thus the restrictions 
for an ‘incompressible’ flow were met. The Strouhal number was varied from 
8, = 0.275 to 8, = 1.77. According to Michalke (1971) the maximum phase 
velocity should occur between SD = 0-4 and S,  = 0-5. 
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4. Discussion of the measurements 
In  figures 2 and 3 two typical sets of results for the amplitude and phase of the 

.ii velocity are given. Measurements were taken only at the radial position where 
the maximum amplitude of the r.m.s. .ii velocity fluctuation occurred. This 
procedure was repeated at different locations in the downstream direction. 
The sound pressures referred to in figures 2 and 3 were taken by the reference 
microphone on the nozzle axis inside the settling chamber. In figures 2 (a)  and 
3(a) a semi-logarithmic plot of the r.m.s. .ii velocity fluctuation V.S. the down- 
stream distance from the nozzle edge can be seen. .iir,m.E. has been made dimen- 
sionless using the mean exit velocity D,, at the nozzle. The 6 signal is filtered at  
the frequency of the acoustic forcing field. It can be seen that the r.m.s. 6 velocity 
reaches a saturation amplitude whose downstream location depends on the 
magnitude of the sound excitation. The amplification rate (i.e. the slope of the 
ilr.m.E. curves) depends strongly on the Strouhal number and increases until the 
Strouhal number corresponding t o  the maximum amplification rate is achieved. 
For more information on this matter see the investigations of Freymuth (1966), 
Michalke (1969, 1971) and Pfizenmaier (1973). 

In  addition to the artificial excitation of the jet the natural instability was 
measured. These measurements were done without filtering. Thus they should 
not be compared directly with the measurements with artificial excitation. 
Nevertheless, these measurements give some information on the fluid motion 
which is superimposed on the artificially excited flow pattern, and the location 
of transition to turbulence can be roughly estimated (see also Miksad 1972). 
The natural excitation shows, after a region of low level which contains mainly 
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FIGURE 2. Fluctuation measurements: amplitude and phase behaviour of the sound- 
induced disturbances; amplitude behaviour of natural disturbances. Ren = 104, So = 0.435. 
0 ,  natural excitation; 0, 104 dB; n, 94 dB; A,  84 dB. 

low frequency perturbations , an exponential growth which leads to saturation. 
At a short distance downstream of the saturation region turbulence occurs, and 
only small changes in the r.m.s. fi fluctuation amplitude subsequently take 
place in the streamwise direction. It is argued that the sudden spreading of the 
boundary layer during transition has an influence on the amplification rate of 
the artificially induced boundary-layer motion. 

Now we return to the discussion of the artificial perturbations. Distributions 
of the phase in the downstream direction are plotted in parts of figures 2 (b )  and 
3 (b). A surprising situation may be noticed. First, the phase angle increases, 
corresponding to a phase velocity in the upstream direction, and then decreases, 
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FIGURE 3. Fluctuation measurements: amplitude and phase behaviour of the sound- 
induced disturbances; amplitude behaviour of natural disturbances. ReD = lo4,  SD = 1.015. 
Symbols as in figure 2. 
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as is to be expected. At a sufficiently large distance from the nozzle edge the 
phase gradient becomes constant if the boundary layer remains laminar within 
this distance (and, in consequence, the boundary-layer thickness does not 
change much). A constant phase gradient in the downstream direction corre- 
sponds to a constant phase velocity. The slope of the phase curvesincreaseswith 
increasing Strouhel number. The region of negative phase velocity near the 
nozzle exit becomes smaller with increasing Strouhal number, corresponding to 
zt decreasing wavelength. Our interpretation of this phenomenon of a negative 
phase velocity is that it is caused by the local influence of the rigid nozzle 
boundary. This assumption is supported by the fact that the size of this region 
seems to be nearly proportional to the wavelength. According to theoretical 
investigations of a free shear layer leaving a semi-infinite plate (see Orszag & 
Crow 1970; Bechert & Michell975), the influence of the rigid plate on the motion 
of the free shear layer vanishes within some fraction of a hydrodynamic wave- 
length. For the determination of the phase velocity and amplification rate the 
regions of non-uniform phase velocity in the vicinity of the nozzle edge were 
excluded. 

5. Consideration of linearity in the flow field 
Before comparing measured results with the results of a linear theory, it is 

necessary to show that the flow under experimental investigation behaves 
linearly too. We assume that the measured Cr.m.H. distributions are suitable for 
this consideration. The beginning of nonlinearity in the fluctuating flow field 
can be characterized by using different conditions. 

(i) The vertical distances between the measured iir.m.s. curves (see figures 2a 
and 3a): if the alternating flow field is linear, the vertical spacing of the curves 
must to be equal to 10 dB (i.e. the coefficient 3.16). This is the amount of sound- 
pressure variance from one curve to another. The nonlinearity of the upper of 
two curves begins at  a location where the spacing becomes smaller. 

(ii) The phase behaviour (see figures 2 b and 3 b )  : the beginning of nonlinearity 
is apparent 5 ~ s  growth of the gradient of a phase curve. Again this can be seen 
only by comparison with a phase measurement at a lower amplitude because the 
phase velocity obviously is not uniform in the downstream direction. 

I n  figure 2 nonlinearity begins at x/D M 0.6 for a reference sound pressure 
level of 104 dB. Obviously the nonlinear regions were excluded in the experi- 
mental determination of the phase velocity and amplification rate (for more 
details see Bechert & Pfizenmaier 1974). 

6. Comparison between measured data and theory 
If we want to determine the relative boundary-layer thickness RIB in the 

experiments, we are confronted with the problem that the real flow is in fact 
not a parallel one. We are not in the same situation as Freymuth (1966) was 
when he considered a relatively small region of the flow where 8 did not change 
significantly. In  our case we have to consider a relatively large distance in the 
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M = 0-015) and calculated curves (o/u,, = g[l +tanh (@/@]) for different values of 
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FIGURE 6. Phase velocity as a function of the Strouhal number So: comparison between 
measured data (for R e D  = 104, M = 0.015, RIB x 80) and calculated curves (from 
Michalke 1971) for different values of RIB. 0,  present data; 0, data from Pfizenmaier 
(1973). 

downstream direction, of the order of one nozzle diameter. Within this distance 
the mean velocity profile changes considerably (see figure 4). The relative boun- 
dary-layer thickness is R/8 w 50 at x/D = 0.3 and R/8 w 20 at  xID = 1.0. We 
are conscious that we are introducing a crude simplification if we extract only 
one phase velocity from the measured data in this region. Under these circum- 
stances a comparison with theoretical curves for diflerent relative boundary- 
layer thicknesses seems to be meaningful. 

Figure 5 shows a comparison of measured and calculated amplification rates 
and figure 6 shows the measured and calculated phase velocities. The abscissa 
variable is the Strouhal number S,, which is based on the nozzle diameter. In  
spite of the simplifications of the theorerical model it turns out that the agree- 
ment between theory and experiment is acceptable. Thus it has been proved 
experimentally that perturbations with phase velocities greater than the mean 
flow velocity do exist. 

This investigation was carried out at  the DFVLR-Institut fur Turbulenz- 
forschung, which was under the direction of the late Professor Dr -1ng. R. Wille. 
We wish at this point to express our gratitude to Professor Dr -1ng. A. Michalke 
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for many stimulating discussions. Nearly all of the measuring equipment, includ- 
ing the free jet testing facility, has been provided by financial support from the 
Deutsche Forschungsgemeinschaft . 
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